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1 Introduction
In 1932 F. Riesz [1] proved that there exists a function f0(x) ∈ L1[0,2π] so that its
Fourier series with respect to the trigonometric system does not converge in L1[0,2π].
Consequently, there exist functions in the space L1[0,2π] that cannot be represented by
trigonometric series in the metric of L1.
In [5] it is proved that there is a weighted space L1
[0,2π] =
{
f :
∫ 2
0 |f(x)|µ(x)dx < ∞
}
,
with 0 < µ(x) ≤ 1,x ∈ [0,2π] so that for every function f(x) ∈ L1
[0,2π] one can ﬁnd a
series
1 ∑
k= 1
ckeikx,
1 ∑
k= 1
|Ck|
q < ∞, ∀q > 2,
which convergence to f(x) in the metric L1
[0,1], i.e.,
lim
n!1
∫ 2
0
   
   
 
n ∑
k= n
ckeikx − f(x)
   
   
 
· µ(x)dx = 0.
Corresponding author. Email address: sergoep@ysu.am, gmarting@ysu.am
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In this paper we consider the question of a representations of functions from weighed class
L1
, 0 < µ ≤ 1 by series with monotonic coeﬃcients concerning trigonometric system.
The importance of these questions particulary follows from this known fact, the se-
quence of partial sums of representation of elements from Hilbert spaces, which represen-
tations coeﬃcients by normalized basis monotonically decreasing is non linear end gives
the best approximations of this element.
Note, that many papers are devoted to the question on existence of various types of
representation by diﬀerent systems in the sense of convergence almost everywhere, on a
measure, in Lp metric [4, 6, 7, 8, 9].
In this paper we’ll prove the following result.
Theorem 1.1. There exists a rearrangenent {σ(k)} of integer numbers so that the rear-
ranged trigonometric system {ei(k)x} have following property: for any number ε > 0 here
exists a weighted function µ(x), with 0 < µ(x) ≤ 1,|{x ∈ [0,2π] : µ(x) ̸= 1}| < ϵ so that
for every function f(x) ∈ L1
[0,2π] there exits a series of the form
∑1
k= 1 Ckei(k)x, with
satises:
(i) The series convergence to f(x) in the metric L1
[0,2π],
(ii)
∑1
k= 1 |Ck|
q < ∞, for all q > 2,
(iii) |Ck| > |Ck+1|, ∀k ≥ 1.
Remark 1.1. Note, that to construct a series by trigonometric system {eikx} (non rear-
ranged ) which satisfy the Theorem 1.1, still is an open problem.
2 Basic Lemmas
In [5] it is proved the following:
Lemma 2.1. For any given numbers γ ̸= 0, N0 > 1, δ ∈ (0,1), ε0 ∈ (0,1) and interval
∆ ⊂ [0,2π] there exists a measurable set E ⊂ ∆, a rearranged {σ(k)}N
jkj=N0 of integer
numbers N0,...,N and a polynomial P(x) of the form
P(x) =
∑
N0jkj<N
Ckeikx, C k = Ck
which satisfy the conditions:
(i) g(x) = γ if x ∈ E and 0 if x / ∈ ∆,
(ii) |E| > (2π − δ) · |∆|,
(iii)
∫
E |P(x) − f(x)|dx < ε,
(iv)
∫ 2
0 |g(x)|2dx < 2
 · γ2 · |∆|,
(v)
∑
N0jkj<N |Ck|2+ < ε0 where |C(k)| > |C(k+1)| > 0,
(vi)
[∑
N0jkj<N
 
 C(k)
 
 2] 1
2 < 2 · |γ| ·
√
j∆j
 where σ(−k) = −σ(k).Journal of Nonlinear Analysis and Application 3
Applying this lemma we can proof next lemma.
Lemma 2.2. For any given numbers 0 < ε < 1
2, N0 > 2 and a step function
f(x) =
q ∑
s=1
γs · χ∆s(x), (2.1)
where ∆s is an interval of the form ∆
(i)
m =
[i 1
2m , i
2m
]
, 1 ≤ i ≤ 2m with
|γs| ·
√
|∆s| <
ε3
16 · q
·
(∫ 2
0
|f(x)|dx
)2
, s = 1,2,...,q, (2.2)
there exists a measurable set E ⊂ [0,2π], a rearranged {σ(k)}N
jkj=N0 of integer numbers
N0,...,N and a polynomial P(x) of the form
P(x) =
∑
N0jkj<N
Ckeikx, C k = Ck
which satisfy the conditions:
(i) |E| > 2π − ε,
(ii)
∫
E |P(x) − f(x)|dx < ε,
(iii)
∑
N0jkj<N |Ck|2+" < ε,
(iv) |C(k)| > |C(k+1)| > 0 where N0 ≤ |k| < N,
(v) maxN0m<N
[∫
e
 
   
∑
N0jkjm C(k)ei(k)x
 
   dx
]
< ε+
∫
e |f(x)|dx, for every measurable
subset e of E.
Proof. Let 0 < ϵ < 1
2 be an arbitrary number. We apply lemma (2.1), setting
∆ = ∆1, γ = γ1, N0 = N0, δ =
ε
4 · q
= α0.
Then there exists a measurable set E1 ⊂ ∆1, a rearranged {σ1(k)}
N1
jkj=N0 of integer numbers
N0,...,N1, a function g1(x) and a polynomial P1(x) of the form
P1(x) =
∑
N0jkj<N1
C
(1)
k eikx, C
(1)
 k = C
(1)
k
which satisfy the conditions:
g1(x) =
{
γ1, x ∈ E1
0, x / ∈ ∆1.
, |E1| > (2π − ε) · |∆1|
∫
E1 |P1(x) − g1(x)|dx < α0,
∫ 2
0 |g1(x)|2dx < 2
" · |γ1|2 · |∆1|,
∑
N0jkj<N1 |C
(1)
k |2+" < α0,
α0 > |C
(1)
1(N0)| > ··· > |C
(1)
1(N1 1)| > 0, σ1(−k) = −σ1(k).
[
∑
N0jkj<N1
   
 C
(1)
1(k)
   
 
2]1
2
≤ 2 · |γ1| ·
√
j∆1j
" .4 Journal of Nonlinear Analysis and Application
We set
α1 = min
[
α0; min
N0jkj<N1
|C
(1)
k |
]
.
Again applying lemma (2.1), setting
∆ = ∆2, γ = γ2, N0 = N1, δ = α1.
Then there exists a measurable set E2 ⊂ ∆2, a rearranged {σ2(k)}
N2
jkj=N1 of integer numbers
N1,...,N2, a function g2(x) and a polynomial P2(x) of the form
P2(x) =
∑
N1jkj<N2
C
(2)
k eikx, C
(2)
 k = C
(2)
k
which satisfy the conditions:
g2(x) =
{
γ2, x ∈ E2
0, x / ∈ ∆2.
, |E2| > (2π − ε) · |∆2|
∫
E2 |P2(x) − g2(x)|dx < α1,
∫ 2
0 |g2(x)|2dx < 2
" · |γ2|2 · |∆2|,
∑
N1jkj<N2 |C
(2)
k |2+" < α1,
α1 > |C
(2)
2(N1)| > ··· > |C
(2)
2(N2 1)| > 0, σ2(−k) = −σ2(k).
[
∑
N1jkj<N2
 
   C
(2)
2(k)
 
   
2]1
2
≤ 2 · |γ2| ·
√
j∆2j
" .
Continuing reasonings, we can deﬁne numbers α0 > α1 > ··· > αq 1, measurable sets
E1,...,Eq, functions g1(x),...,gq(x) and polynomials P1(x),...,Pq(x) of the form
Ps(x) =
∑
Ns 1jkj<Ns
C
(s)
k eikx, C
(s)
 k = C
(s)
k , 1 ≤ s ≤ q, (2.3)
rearrangement {σs(k)}Ns 1
jkj=Ns 1 of integer numbers Ns 1,...,Ns − 1, which satisfy the
conditions:
α0 =
ε
4 · q
, αs = min
[
α0; min
Ns 1jkj<Ns
|C
(s)
k |
]
, (2.4)
gs(x) =
{
γs, x ∈ Es
0, x / ∈ ∆s.
, |Es| > (2π − ε) · |∆s|, (2.5)
∫ 2
0
|gs(x)|2dx <
2
ε
· |γs|2 · |∆s|, (2.6)
∫
Es
|Ps(x) − gs(x)|dx < αs 1, (2.7)
∑
Ns 1jkj<Ns
|C
(s)
k |2+" < αs 1, (2.8)Journal of Nonlinear Analysis and Application 5
αs 1 > |C
(s)
s(Ns 1)| > ... > |C
(s)
s(Ns 1)| > 0, σs(−k) = −σs(k). (2.9)


∑
Ns 1jkj<Ns
   
 C
(s)
s(k)
   
 
2


1
2
≤ 2 · |γs| ·
√
|∆s|
ε
. (2.10)
We deﬁne a set E, a rearrangement {σ(k)} and a polynomial P(x) as follows:
E =
q ∪
s=1
Es, (2.11)
P(x) =
∑q
s=1 Ps(x)
=
∑q
s=1
[∑
Ns 1jkj<Ns C
(s)
k eikx
]
=
∑
N0jkj<N Ckeikx,
C k = Ck,
(2.12)
where
Ck = C
(s)
k for Ns 1 ≤ |k| < Ns, s = 1,2,...,q, N = Nq − 1. (2.13)
and
σ(k) = σs(k) for k ∈ [Ns 1,Ns), s = 1,2,...,q. (2.14)
From Eqs. (2.1), (2.3)-(2.5), (2.7) and (2.11)-(2.13), it follows that
|E| > 2π − ε.
and ∫
E |P(x) − f(x)|dx ≤
∑q
s=1
[∫
E |Ps(x) − gs(x)|dx
]
≤
∑q
s=1 αs 1
< ε.
Thus, the statements (i), (ii) and (iii) of Lemma (2.2) are satisﬁed.
By (2.4) and (2.9) for any s = 1,2,...,q and for all |k| ∈ [N0,N) we have
|C
(s)
k | ≤ αs 1 ≤ min
Ns 2jkj<Ns 1
(
|C
(s)
k |
)
.
Consequently, from (2.9), (2.13) and (2.14) we obtain statements (iv)
|C(k)| > |C(k+1)| > 0, N0 ≤ |k| < N.
Now we will check the fulﬁllment of statement (v) of Lemma (2.2).
Let N0 ≤ m < N, then for some s0, 1 ≤ s0 ≤ q, (Ns0 ≤ m < Ns0+1) we will have (see
(2.3), (2.12) - (2.14))
∑
N0jkjm
C(k)ei(k)x =
s0 ∑
s=1
Ps(x) +
∑
Ns0 1jkjm
C
(s0+1)
s(k) eis(k)x. (2.15)6 Journal of Nonlinear Analysis and Application
From (2.1), (2.5) and (2.11) we get
 
   
 
 
s0 ∑
s=1
gs(x)
 
   
 
 
= |f(x)|, ∀x ∈ E, s0 = 1,2,...,q
Hence and from (2.2), (2.4), (2.7), (2.10), (2.11), (2.14) and (2.15) for any measurable set
e ⊂ E we obtain
∫
e
 
   
∑
Ns 1jkjm C(k)ei(k)x
 
   dx ≤
∑s0
s=1
[∫
e |Ps(x) − gs(x)|dx
]
+
∑s0
s=1
∫
e |gs(x)|dx
+
∫
e
 
   
∑
Ns0 1jkjm C
(s0+1)
s(k) eis(k)x
 
   dx <
∑s0
s=1 αs 1
+
∫
e |f(x)|dx + 2 p
" · |γs0+1| ·
√
|∆s0+1| <
∫
e |f(x)|dx + ε.
3 Proof of Theorem 1.1
Proof. Let
f1(x),f2(x),...,fn(x), x ∈ [0,2π] (3.16)
be a sequence of all step functions, values and constancy interval endpoints of which are
rational numbers. Applying Lemma (2.2) consecutively, we can ﬁnd a sequence {Es}1
s=1
of sets and a sequence of polynomials
Ps(x) =
∑
Ns 1jkj<Ns
A
(s)
k eis(k)x (3.17)
1 = N0 < N1 < ··· < Ns < ··· , s = 1,2,...,
where {σs(k)} Ns 1
jkj=Ns 1, σs(−k) = −σs(k) a some rearrangement of integer numbers
Ns 1,...,Ns − 1, which satisfy the conditions:
|Es| > 2π − 2 2(s+1), Es ⊂ [0,2π], (3.18)
∫
Es
|Ps(x) − fs(x)|dx < 2 2(s+1), (3.19)
∑
Ns 1jkj<Ns
 
 
 A
(s)
k
 
 
 
2+2 2s
< 2 2s, A
(s)
 k = A
(s)
k (3.20)
|A
(s)
k | > |A
(s)
k+1| > |A
(s)
Ns| > 0, ∀s ≥ 1, |k| ∈ [Ns 1,Ns). (3.21)
max
Ns 1m<Ns


∫
e
 
   
   
 
∑
Ns 1jkjm
A
(s)
k eis(k)x
 
   
   
 
dx

 < 2 2(s+1) +
∫
e
|fs(x)|dx, (3.22)
for every measurable subset e of Es.Journal of Nonlinear Analysis and Application 7
Denote the rearrangement {σ(k)} and the series by rearranged trigonometric systems
{eis(k)x}1
k= 1 the following way
σ(k) = σs(k), if k ∈ [Ns 1,Ns), ∀s ≥ 1 (3.23)
and ∑1
k= 1 Ckei(k)x =
∑1
s=1 Ps(x)
=
∑1
s=1
[∑
Ns 1jkj<Ns A
(s)
k eis(k)x
]
,
(3.24)
where Ck = A
(s)
k for Ns 1 ≤ |k| < Ns, s = 1,2,....
Let ε be an arbitrary positive number. Setting

   
   
Ωn =
∩1
s=n Es, n = 1,2,....
E = Ωn0 =
∩1
s=n0 Es, n0 = [log1=2 ε] + 1
B =
∪1
n=n0 Ωn = Ωn0
∪(∪1
n=n0+1 Ωn \ Ωn 1
)
.
(3.25)
It is clear (see (3.18)) that B = 2π and E > 2π − ε.
We deﬁne a function µ(x) in the following way:
µ(x) =
{
1, x ∈ E ∪ ([0,2π] \ B),
µn, x ∈ Ωn \ Ωn 1, n ≥ n0 + 1,
(3.26)
where

 
 
µn =
[
24n ·
∏n
s=1 hs
] 1 ;
hs = ∥fs(x)∥C + maxNs 1m<Ns
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 
C
+ 1,
(3.27)
where g(x) is a continuous function on [0,2π] and ∥g(x)∥C = maxx2[0;2] |g(x)|.
From (3.20) and (3.24)-(3.27), we obtain
(a) 0 < µ(x) ≤ 1,µ(x) is a measurable function and |{x ∈ [0,2π] : µ(x) ̸= 1}| < ε.
(b)
∑1
k=1 |Ck|q < ∞, ∀q > 2, |Ck| > |Ck+1|, ∀k ≥ 1.
It follows from (3.23)-(3.25) that for all s ≥ n0 and m ∈ [Ns 1,Ns)
∫
[0;2]nΩs
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 µ(x)dx
=
∑1
n=s+1
[∫
ΩnnΩn 1
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 µndx
]
≤
∑1
n=s+1 2 4n
[∫ 2
0
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 h 1
s dx
]
< 2 4s.
(3.28)8 Journal of Nonlinear Analysis and Application
By (3.19), (3.23)-(3.25) for all s ≥ n0 we have
∫ 2
0 |Ps(x) − fs(x)|µ(x)dx =
∫
Ωs |Ps(x) − fs(x)|µ(x)dx +
∫
[0;2]nΩs |Ps(x) − fs(x)|µ(x)dx
= 2 2(s+1) +
∑1
n=s+1
[∫
ΩnnΩn 1 |Ps(x) − fs(x)|µndx
]
≤ 2 2(s+1) +
∑1
n=s+1 2 4s
[∫ 2
0 (|fs(x)|
+
 
   
∑
Ns 1jkj<Ns A
(s)
k eis(k)x
 
   
)
h 1
s dx
]
< 2 2(s+1) + 2 4s
< 2 2s
(3.29)
Taking relations (3.21), (3.23)-(3.25) and (3.27) into account we obtain that for all m ∈
[Ns 1,Ns) and s ≥ n0 + 1
∫ 2
0
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 µ(x)dx =
∫
Ωs
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 µ(x)dx
+
∫
[0;2]nΩs
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 µ(x)dx
<
∑s
n=n0+1
[∫
ΩnnΩn 1
   
 
∑
Ns 1jkjm A
(s)
k eis(k)x
   
 dx
]
×µn + 2 4s
<
∑s
n=n0+1
(
2 2(s+1) +
∫
ΩnnΩn 1 |fs(x)|dx
)
µn
+2 4s
= 2 2(s+1) ·
∑s
n=n0+1 µn +
∫
Ωs |fs(x)|µ(x)dx + 2 4s
<
∫ 2
0 |fs(x)|µ(x)dx + 2 4s.
(3.30)
Let f(x) ∈ L1
[0,2π] , i. e.
∫ 2
0 |f(x)|µ(x)dx < ∞ .
It is easy to see that we can choose a function fr1(x) from the sequence (3.16) such
that ∫ 2
0
|f(x) − fr1(x)|µ(x)dx < 2 2, r1 > n0 + 1. (3.31)
Hence, we have ∫ 2
0
|f1(x)|µ(x)dx < 2 2 +
∫ 2
0
|f(x)|µ(x)dx. (3.32)
From (3.29) and (3.31), we obtain
∫ 2
0 |f(x) − Pr1(x)|µ(x)dx ≤
∫ 2
0 |f(x) − fr1(x)|µ(x)dx
+
∫ 2
0 |fr1(x) − Pr1(x)|µ(x)dx
< 2 · 2 2.
(3.33)Journal of Nonlinear Analysis and Application 9
Assume that numbers r1 < r2 < ··· < rq 1 are chosen in such a way that the following
condition is satisﬁed:
∫ 2
0
 
   
   
f(x) −
j ∑
s=1
Prs(x)
 
   
   
µ(x)dx < 2 · 2 2j, 1 ≤ j ≤ q − 1. (3.34)
We choose a function frq(x) from the sequence (3.16) such that
∫ 2
0
   
   
 
(
f(x) −
q 1 ∑
s=1
Prs(x)
)
− frq(x)
   
   
 
µ(x)dx < 2 2q, (3.35)
where νq > νq 1; νq > mq 1
This with (3.34) imply
∫ 2
0
 
 frq(x)
 
 µ(x)dx < 2 2q + 2 · 2 2(q 1) = 9 · 2 2q. (3.36)
By (3.29), (3.30) and (3.36), we obtain
∫ 2
0
   frq(x) − Prq(x)
   µ(x)dx < 2 2rq,
Prq(x) =
∑
Nrq 1jkj<Nrq A
(rq)
k eirq(k)x.
(3.37)
max
Nrq 1m<Nrq
∫ 2
0
   
   
   
∑
Nrq 1jkj<m
A
(q)
k eiq(k)x
   
   
   
µ(x)dx < 10 · 2 2q. (3.38)
We deﬁne a series as follows
1 ∑
k= 1
Ckei(k)x =
1 ∑
q=1


∑
Nrq 1jkj<Nrq
A
(q)
k eiq(k)x

, (3.39)
where Ck = A
(q)
k for Nrq 1 ≤ |k| < Nrq, q = 1,2,....
Hence and from (3.20), (3.21), we obtain statements (ii) and (iii) of Theorem (1.1).
Now taking into account (3.35) and (3.37), we have
∫ 2
0 |f(x) −
∑q
s=1 Prs(x)|µ(x)dx ≤
∫ 2
0
   
 
(
f(x) −
∑q 1
s=1 Prs(x)
)
− frq(x)
   
 µ(x)dx
+
∫ 2
0
 
 frq(x) − Prq(x)
 
 µ(x)dx
< 2 · 2 2q
Hence it follows that the series (3.39) converges to f(x) in the metric L1
[0,1).
4 Conclusion
In this paper, we consider a rearrangement of the trigonometric system {ei(k)x} and
weighted spaces L1
[0,1] so that every function f(x) ∈ L1
[0,2π] can be represented by the
series of the form
1 ∑
k= 1
Ckei(k)x with
1 ∑
k= 1
|Ck|
q < ∞, ∀q > 2, |Ck| > |Ck+1|, ∀k ≥ 1.10 Journal of Nonlinear Analysis and Application
References
[1] N.K. Bary, Trigonometric series, Nauka, Moscow,1961; English trans. in Pergamon
Press, Oxford, 1964.
[2] S.A. Episkoposian, On the existence of universal series by trigonometric system, Jour-
nal of Functional Analysis 230 (2006) 169-189.
[3] S.A. Episkoposian, Universal series by trigonometric system in weighted L1
[0,2π]
space, International Journal Mathematics and Mathematical Scianeses 19 ( 2006)
1-13, Art. ID 62909.
[4] M. G. Grigorian, On the representation of functions by orthogonal series in weighted
Lp spaces, Studia. Math. 134 (3) (1999) 211-237.
[5] M. G. Grigorian, On the convergence of greedy algorithm by the trigonometric system
in the Lp norm, Izvestiya Natsionalnoi Akademii Nauk Armenii, English trans. in:
Journal of Contemporary Mathematical Analysis 39 (5) (2004) 37-52.
[6] M. G. Grigorian, S.A. Episkoposian, Representation of functions in weighted spaces
L1
[0,2π] by trigonometric and Walsh series, Analysis Mathematica 27 (2001) 261-
277.
http://dx.doi.org/10.1023/A:1014368111379.
[7] D. E. Menshoﬀ, Sur la representation des fonctions mesurables par des series
trigonometriques, Computational Mat. Sb. 9 (1941) 667-692.
[8] A. A. Talalyan, The representation of measurable functions by series, Uspekhi
Mat.Nauk 15 (5) (1960) 77-141; English transl., Russian Math. Surveys 15 (5) (1960)
75-136.
http://dx.doi.org/10.1070/RM1960v015n05ABEH001115.
[9] P. L. Ul’yanov, Representation of functions by series and classes φ(L), Russian Math-
ematical Surveys, 19 (1) (1964) 1-62.